developed a classification theory for Brumer's dihedral quintic polynomials via Kummer theory arising from associated elliptic curves. We generalize their results to elliptic curves associated to Lecacheux's quintic F 20 -polynomials instead of Brumer's quintic D 5 -polynomials.
Then we obtain the associated elliptic curve E t,s : y 2 = x 3 + d(t 2 − 30t + 1)x 2 − 8d 2 t(3t + 1)(4t − 7)x (1.3) − 16d 3 t(4t 4 − 4t 3 − 40t 2 + 91t − 4) to Brumer's quintic polynomial Bru(t, s; X). This elliptic curve E t,s has an isogeny φ of degree 5 defined over Q(s,t). The 5-division polynomial of E t,s (see Silverman [Sil86, Exercise 3 .7]) has a quadratic factor f 2 (x) = x 2 + s 1 x + s 2 5 where s 1 = −16t 7 + 96t + (96s + 64)t 5 + (4s 2 − 616s − 1148)t 4 + (−140s 2 + 720s + 1996)t 3 + (−16s 3 + 608s 2 + 144s − 444)t 2 + (80s 3 − 140s 2 − 56)t − 16s 3 + 4s 2 , s 2 = 256t 14 − 230t 13 + (−3072s − 256)t 12 + (−128s 2 + 28928s + 44160)t 11 + (14080s 2 − 36096s − 113920)t 10 + (1280s 3 − 121600s 2 − 227328s − 55936)t 9 + (16s 4 − 33600s 3 + 223200s 2 + 866496s + 696464)t 8 + (−4144s 4 + 205440s 3 − 14560s 2 − 1512960s − 1663984)t 7 + (−128s 5 + 47072s 4 − 292480s 3 − 333792s 2 + 2181696s + 2733120)t 6 + (4736s 5 − 147072s 4 + 387200s 3 + 1014560s 2 − 1471872s − 2641440)t 5 + (256s 6 − 27520s 5 + 141920s 4 − 423040s 3 − 1920800s 2 − 578496s + 348304)t 4 + (−1792s 6 + 18560s 5 − 338928s 4 − 408000s 3 + 169600s 2 + 68672s − 16256)t 3 + (−4608s 6 + 6144s 5 + 544s 4 − 960s 3 + 128s 2 )t + 256s 6 − 128s 5 + 16s 4 .
Take a root θ of f 2 (x) = 0. Then we obtain a point A ∈ E t,s (Q(s, t)) of order 5 with x(A) = θ. Apply the Vélu formula [Vél71] to A and take E * t,s = E t,s / A as the image of φ (see Kida, Rikuna and Sato [KRS10, Section 2]): E * t,s : y 2 = x 3 + d(t 2 − 30t + 1)x 2 − 8d 2 (26t 4 − 310t 3 + 327t 2 + 315t + 26)x (1.4) + 16d 3 (68t 6 − 1120t 5 + 3804t 4 + 1760t 3 + 6929t 2 + 1380t + 68).
After the specialization Q(s,t) 2 (s, t) → (s , t ) ∈ Q 2 , Bru(t , s ; X), E t ,s and E * t ,s are defined over Q. After the specialization, for s, t ∈ Q, we also write Bru(t, s; X), E t,s and E * t,s which are defined over Q (not Q(s,t)).
Let φ * : E * t,s → E t,s be the dual isogeny of φ. Then the quotient group E t,s (Q)/φ * (E * t,s (Q)) is finite by weak Mordel-Weil theorem (see [Sil86,  Chapter VIII, §1]).
Definition 1.1 (Kida, Rikuna and Sato [KRS10, page 694]). Let s, t be rational numbers. For each Q-rational point P = (x(P ), y(P )) ∈ E t,s (Q), Brumer's polynomial Bru(P ; X) with respect to P is defined to be Bru(P ; X) := Bru t,
x(P ) −4d ; X
where Bru(t, s; X) is Brumer's polynomial as in (1.1) and d = d t,s is given as in (1.2).
We remark that there exists the point P 0 = (−4ds, 4d 2 ) ∈ E t,s (Q) and we have Bru(P 0 ; X) = Bru(t, s; X) by the definition. . Let s, t be rational numbers. Let E t,s be the elliptic curve as in (1.3). Let Bru(P ; X) be Brumer's polynomial with respect to P as in Definition 1.1 with the splitting field Spl Q (Bru(P ; X)) over Q.
(i) For any Q-rational point P ∈ E t,s (Q), Bru(P ; X) is reducible over Q if and only if P ∈ φ * (E * t,s (Q)); (ii) There exists a bijection between the following two finite sets {subgroup of order 5 in E t,s (Q)/φ * (E * t,s (Q))} and
This map is induced by the correspondence E t,s (Q) P → Spl Q (Bru(P ; X)).
The aim of this paper is to generalize Theorem 1.2 to elliptic curves associated to Lecacheux's quintic F 20polynomial Lec(p, r; X) instead of Brumer's quintic D 5 -polynomial Bru(t, s; X).
Let Q(p,r) be the rational function field over Q with two variables p, r. Lecacheux's quintic polynomial Lec(p, r; X) is defined to be Lec(p, r; X) := X 5 + r 2 (p 2 + 4) − 2p − 17 4 X 4 + 3r(p 2 + 4) + p 2 + 13 2 p + 5 X 3 (1.5) − r(p 2 + 4) + 11 2
. The polynomial Lec(p, r; X) is known to be Q-generic for F 20 (see Jensen, Ledet and Yui [JLY02, Theorem 2.3.6]).
We will define the elliptic curve E p,r associated to Lecacheux's quintic polynomial Lec(p, r; X). Define W p,r := 16(p 2 + 4)r 3 + 4(p 2 + 4)r 2 − 4(19p + 41)r − 16p − 199, (1.6) D p,r := W p,r (p 4 + 5p 2 + 4) + p(p 2 + 3) p 2 + 4 8.
The splitting field Spl Q(p,r) (Lec(p, r; X)) contains the unique quadratic (resp. quartic) subfield Q(p,r)( p 2 + 4) (resp. Q(p,r)( D p,r )) (see Hoshi and Miyake [HM10, Lemma 7.3 and Lemma 7.4]).
We search β such that the quartic subfields of Spl Q (Lec(p, β; X)) and of Spl Q (Lec(p, r; X)) coincide. We consider the equation
Write D = D p,r and W = W p,r . Then the above equation becomes
Define
x := 4(p 2 + 4)W β, y := 2(p 2 + 4)W 2 u.
Then we get the associated elliptic curve E p,r : y 2 = x 3 + (p 2 + 4)W x 2 − 4(19p + 41)(p 2 + 4)W 2 x − 4(p 2 + 4) 2 (16p + 199)W 3 (1.7)
to Lecacheux's quintic polynomial Lec(p, r; X).
The curve E p,r has an isogeny ν of degree 5 defined over Q(p,r). We see that the 5-division polynomial of E p,r (see Silverman [Sil86, Exercise 3.7]) has the quadratic factor f 2 (x) = x 2 + s 1 x + s 2 5 where s 1 = (64r 3 + 16r 2 )p 4 + (−304r − 64)p 3 + (512r 3 + 128r 2 − 656r − 796)p 2 + (−1216r − 256)p + 1024r 3 + 256r 2 − 2624r − 3184, s 2 = (4096r 6 + 2048r 5 + 256r 4 )p 8 Take a root θ of f 2 (x) = 0. Then we obtain a point A ∈ E p,r (Q(p, r)) of order 5 with x(A) = θ, E * p,r = E p,r / A as the image of ν and the dual isogeny ν * : E * p,r → E p,r of ν as in (1.4) (see also Kida, Rikuna and Sato [KRS10,
Section 2]): E * p,r : y 2 = x 3 + (p 2 + 4)W x 2 − 4(p 2 + 4)(52p 2 − 625p + 833)W 2 x + 4(p 2 + 4) 2 (272p 2 − 5000p + 21713)W 3 .
As in the case of Brumer's quintic, after the specialization Q(p,r) 2 (p, r) → (p, r) ∈ Q 2 , we also write Lec(p, r; X), E p,r and E * p,r for p, r ∈ Q which are defined over Q (not Q(p,r)). Definition 1.3. Let p, r be rational numbers. For each Q-rational point P = (x(P ), y(P )) ∈ E p,r (Q), Lecacheux's polynomial Lec(P ; X) with respect to P is defined to be Lec(P ; X) := Lec p, x(P ) 4(p 2 + 4)W ; X
where Lec(p, r; X) is Lecacheux's polynomial as in (1.5) and W = W p,r is given as in (1.6).
We note that there exists the point Q 0 = (4r(p 2 + 4)W, 2(p 2 + 4)W 2 ) ∈ E p,r (Q) and we have Lec(Q 0 ; X) = Lec(p, r; X) by the definition.
The main theorem of this paper can be described as follows:
Theorem 1.4. Let p, r be rational numbers. Let E p,r be the elliptic curve as in (1.7). Let Lec(P ; X) be Lecacheux's polynomial with respect to P as in Definition 1.3 with the splitting field Spl Q (Lec(P ; X)) over Q.
(i) For any Q-rational point P ∈ E p,r (Q), Lec(P ; X) is reducible over Q if and only if P ∈ ν * (E * p,r (Q)); (ii) There exists a bijection between the following two finite sets
The bijection is induced by the correspondence E p,r (Q) P → Spl Q (Lec(P ; X)). 2.1. Construction of Brumer's polynomial Bru(t, s; X). We consider the elliptic curve: E * t : y 2 + (1 − t)xy − ty = x 3 − tx 2 with 5-torsion points A = (0, 0), 2A = (t, t 2 ), 3A = (0, t), 4A = (t, 0). 
Constructions of
There exists the elliptic curve E t = E * t / A up to isomorphism with the isogeny φ :
of degree 5. Then we have the following equation:
Then the left-hand side of this equation becomes
We find that the elliptic curve E t and the elliptic curve E t,s associated to Bru(t, s; X) as in (1.3) are isomorphic (see also Kida, Rikuna and Sato [KRS10, page 695]). The j-invariants of E t and of E t,s are the same
2.2. Construction of Lecacheux's polynomial Lec(p, r; X). We consider the elliptic curve
The elliptic curve E * p has 5-torsion points:
where α and −1/α are roots of x 2 − px − 1 and β satisfies
There exists the elliptic curve E p = E * p / A up to isomorphism with the isogeny φ :
Then the left-hand side of this equation yields Lec(p, r; l) = l 5 + r 2 (p 2 + 4) − 2p − 17 4 l 4 + 3r(p 2 + 4) + p 2 + 13 2 p + 5 l 3 − r(p 2 + 4) + 11 2 p − 8 l 2 + (p − 6)l + 1.
The elliptic curve E p and the associated elliptic curve E p,r to Lec(p, r; X) as in (1.7) are isomorphic. The jinvariants of E p and of E p,r are the same
Proof of Theorem 1.4
The idea of the proof of Theorem 1.4 is to combine the results given in Hoshi and Miyake [HM10] and Kida, Rikuna and Sato [KRS10] . According to [HM10, page 1078], for p, r ∈ Q, we define k = Q( p 2 + 4) and
Then it follows that Spl k (Bru(t, s; X)) = Spl k (Lec(p, r; X)). The associated elliptic curves E t,s and E * t,s given as in (1.3) and (1.4) are defined over k. According to [KRS10, Section 3], we take elliptic curves E t and E * t defined over k by
We also take an isogeny λ * : E * t → E t of degree 5. By [KRS10, Theorem 3.1], there exists an injective homomorphism E t,s (k)/φ * (E * t,s (k)) → Hom cont (Gal(F /F ), Ker λ * (k))). We will prove that there exists an injective homomorphism E p,r (Q)/ν * (E * p,r (Q)) → Hom cont (Gal(F /F ), Ker λ * (k)). We see that the elliptic curves E p,r and E t,s are isomorphic over k with j-invariant
Indeed, we may find an isomorphism f : E p,r → E t,s which is given explicitly as
where a, b, u ∈ k are given by
We obtain an isomorphism f * :
commutes with exact rows. The j-invariants of E * p,r and E * t,s are the same
Therefore the isomorphism f induces an injection 
). Then we also obtain an injective homomorphism
Because the isogeny ν * is defined over Q, we get
). Every point P = (x(P ), y(P )) ∈ E p,r (Q) defines a Kummer extension
over F . In particular, we observe that
where Lec(P ; X) = Lec p, x(P ) 4(p 2 + 4)W ; X as in Definition 1.3. Namely, the field L P is the splitting field of Lec(P ; X) over Q. And hence the group E p,r (Q)/ν * (E * p,r (Q)) classifies the isomorphism classes of Lec(P ; X) with quartic subfield F (see also [KRS10, Section 3]).
By Theorem 1.4, we have the following result by the multiplication-by-2 map of the elliptic curve E p,r :
Corollary 3.1. For a Q-rational point P ∈ E p,r (Q) and integer n with gcd(n, 5) = 1, Spl Q (Lec(P ; X)) = Spl Q (Lec([n]P ; X)) where Lec(P ; X) = Lec p, x(P ) 4(p 2 +4)W ; X as in Definition 1.3. In particular, for P = Q 0 = (4r(p 2 + 4)W, 2(p 2 + 4)W 2 ) and n = 2, we have Spl Q (Lec(p, r; X)) = Spl Q (Lec(p, R; X)) where We will give two examples of Theorem 1.4 with E p,r (Q)/ν * (E * p,r (Q)) Z/5Z and (Z/5Z) ⊕2 .
Example 4.1 (p = 1 and r = −3 with E 1,−3 (Q)/ν * (E * 1,−3 (Q)) Z/5Z). We consider the case where p = 1 and r = −3. The associated isogenous curves are
where P 1 = (−53100, 6091750), P 2 = (88500, 21756250), Q 1 = (678500, 543906250), Q 2 = (1452875, 1740500000).
We can check P 2 = Q 0 where Q 0 = (4r(p 2 + 4)W, 2(p 2 + 4)W 2 ) which corresponds to Lec(1, −3; X). The isogeny ν * : E * 1,−3 → E 1,−3 is given by
Hence the image of ν * is given by
We conclude that E 1,−3 (Q)/ν * (E * 1,−3 (Q)) = P 2 Z/5Z. Example 4.2 (p = 2 and r = −15 with E 2,−15 (Q)/ν * (E * 2,−15 (Q)) (Z/5Z) ⊕2 ). We consider the case where p = 2, r = −15. We have more isomorphism classes in this case. The associated isogenous curves are E 2,−15 : y 2 = x 3 − 3362328x 2 − 446557358393568x + 4390381057572915584256, E * 2,−15 : y 2 = x 3 − 3362328x 2 + 1181398581066528x − 243295532112514685688576 with j-invariants − 2 6 · 239 3 3 10 , 2 6 3 2 respectively. Their Mordell-Weil groups are E 2,−15 (Q) = P tor ⊕ P 1 , P 2 , P 3
where P tor = (−23536296, 0), The isogeny ν * : E * 2,−15 → E 2,−15 is given by ν * (Q tor ) = P tor ,
Hence we obtain the image ν * (E * 2,−15 ) = P tor , P 1 + 2P 2 + 2P 3 , 5P 2 , 5P 3 and conclude that E 2,−15 (Q)/ν * (E * 2,−15 (Q)) = P 2 , P 3 (Z/5Z) ⊕2 . There exist 6 subgroups of order 5 in E 2,−15 (Q)/ν * (E * 2,−15 (Q)) (Z/5Z) ⊕2 which correspond to the 6 isomorphism classes We will give two examples of the case p = 0 (b 2 = p 2 + 4 = 4) with G p,r D 5 and C 5 .
Example 5.1 (p = 0, r = − 5 4 with G p,r D 5 ). We consider the case where p = 0 and r = − 5 4 . Then we see Lec 0, − 5 4 ; X = Bru(1, 0; X) and G p,r D 5 . The associated isogenous curves are E 0,− 5 4 : y 2 = x 3 − 376x 2 − 5796416x + 10578317824, E * 0,− 5 4 : y 2 = x 3 − 376x 2 − 117766208x − 1154206105088 with j-invariants − 2 12 · 31 3 11 5 , − 2 12 11 respectively. Their Mordell-Weil groups are E 0,− 5 4 (Q) = P 1 , P 2 Z ⊕2 ,
where P 1 = (−2632, 70688), P 2 = (1880, 70688), Q 1 = (20492, 2209000), Q 2 = (43992, 8836000).
We can check P 2 = Q 0 where Q 0 = (4r(p 2 + 4)W, 2(p 2 + 4)W 2 ) which corresponds to Lec(0, − 5 4 ; X). The isogeny ν * : E * 0,− 5 4 → E 0,− 5 4 is given by
Hence we have
Then we conclude that E 0,− 5 4 (Q)/ν * (E * 0,− 5 4 (Q)) = P 2 Z/5Z.
On the other hand, we have E 1,0 : y 2 = x 3 + 1316x 2 + 212064x + 78074896 with the Mordell-Weil group
where P 1 = (−1128, 8836), P 2 = (0, 8836) (see also Kida, Rikuna and Sato [KRS10, Example 4.1]). We see P 2 = P 0 where P 0 = (−4ds, 4d 2 ) which corresponds to Bru(1, 0; X). The j-invariant of E 1,0 and of E 0,− 5 4 are the same − 2 12 · 31 3 11 5 . Indeed, by (3.2) in the proof of Theorem 1.4, we get the isomorphism
Hence it follows from Theorem 1.4 that Spl Q Lec(0, − 5 4 ; X) = Spl Q (Lec(P 2 ; X)) = Spl Q (Bru(P 2 ; X)) = Spl Q (Bru(1, 0; X) ) .
We Example 5.2 (p = 0, r = 31 4 with G p,r C 5 ). We treat the reducible case with Gal(Lec(p, r; X)/Q) = G p,r C 5 , i.e. Q(p,r)( D p,r ) = Q. Take p = 0, r = 31 4 with Lec 0, 31 4 ; X = Bru(1, −18; X) and G p,r C 5 . The associated isogenous curves are E 0, 31 4 : Hence it follows from Theorem 1.4 that Spl Q Lec(0, 31 4 ; X) = Spl Q (Lec(P tor ; X)) = Spl Q (Bru(P tor ; X)) = Spl Q (Bru(1, −18; X)) .
We can check this example by Sage ([Sage]) as follows: 
